Detecting chiral edge modes in topological materials has been intensively pursued in experiments. However, the phenomena caused by the modes are not yet elucidated theoretically. We study the dynamics of chiral spinon wave packets at the edge in Kitaev-type magnets. More precisely, by relying on the exact solvability of the models, we construct a spinon wave packet, localized edge magnetization, which shows oriented propagation along the edge, whose behavior is expected from the chiral character of the dispersion relation of the chiral edge modes. In general, this approach enables us to study not only spin transport in anisotropic magnets but also charge transport in Bogoliubov-de Gennes-type superconductors because it does not rely on a conserved quantity.
I. INTRODUCTION
The exact ground state of the Kitaev honeycomb model 1 is known as a quantum spin liquid that shows
2-5
short-range spin-spin correlations 6 . In addition to this property, the model is a weak topological material that hosts a Majorana edge flat band 7 which yields unidirectional edge magnetization 8 . When applying an external magnetic field along [111] direction, the ground state of the model is believed to change to a chiral spin liquid which is characterized by a Chern number 1 , and exhibits chiral edge modes although the exact solvability is lost. If three spin interactions are added to the Hamiltonian of the Kitaev honeycomb model instead of the external magnetic field, then the exact solvability is retained, and the resulting model shows the character of a chiral spin liquid. A different variant of the model in the same topological class can be realized as an exactly solvable Kitaev-type model on a triangle-honeycomb lattice 9, 10 . Thus, several Kitaev-type models were found to have the character of a chiral spin liquid.
Detecting chiral edge modes in topological materials has been a central issue in experiments as well. Actually, Kitaev-type magnets [11] [12] [13] in the external magnetic field are most likely candidates whose ground state is a chiral spin liquid 14, 15 . Therefore, a much deeper theoretical understanding of the related phenomena is required. In this paper, we study propagation of edge magnetization due to the chiral edge modes in Kitaev-type magnets. More precisely, by relying on the exact solvability of the models, we construct a spinon wave packet, localized edge magnetization, which is an excited state composed of the chiral edge states. Because of the chirality of the dispersion relation of the chiral edge mode, the wave packet propagates in only one of the two directions of the edge irrespectively of the initial form of the wave packet. In comparison with previous studies addressing spin transport which use spin current [16] [17] [18] [19] , the advantage of our method is that we need neither to introduce spin current nor to apply an external driving force such as a potential difference. Thus, our method can be applied to not only anisotropic magnets in which non of the spin components commutes with the Hamiltonian but also Bogoliubovde Gennes (BdG)-type superconductors 20 in which the charge is not conserved. We can expect that such oriented propagation of a local excitation at a sample edge is experimentally detectable.
The rest of this paper is organized as follows. In Sec. II, we describe the models considered in this paper, namely the Kitaev honeycomb model with three-spin interaction and the Kitaev triangle-honeycomb model. We also ex- plain the formalism of the Jordan-Wigner transformation by which these quantum spin models are mapped to the fermion models whose Hamiltonian have BdG form which is interpreted as the Hamiltonian of a spinless superconductor. In Sec. III, we derive the exact dispersion relation and the wavefunction of the chiral edge spinons by using the transfer matrix method. In Sec. IV, by relying on the exact solution thus obtained, we construct an excited state which realizes the oriented propagation of the edge magnetization. We also demonstrate that a wave packet constructed by this formulation indeed moves in only one of the two directions of the edge. In Sec. V, the edge dynamical spin susceptibility is obtained as well. This quantity reflects the chiral nature of the edge mode, and is experimentally detectable. A summary and discussion are given in Sec. VI. Appendix A is devoted to the details of the transfer matrix method used in Sec. III. Finally, in Appendix B, we present the details of the derivation of the exact solution of the chiral edge modes in the Kitaev triangle-honeycomb model.
II. MODEL
In order to demonstrate that chiral edge modes in topological materials cause oriented propagation of local edge magnetization in Kitaev-type magnets, we treat two models, namely, the Kitaev honeycomb model with threespin interactions, the Kitaev triangle-honeycomb model. In this section, we rewrite these Hamiltonians into the BdG form which is interpreted as the Hamiltonian of a spinless superconductor.
A. Kitaev honeycomb model with three-spin interaction
We consider the following Hamiltonian on a cylindrical geometry, whose sites are denoted by ( , m) with = 1, · · · , 2L x and m = 1, · · · , L y ( Fig. 1) :
where
and
We impose the periodic boundary condition, σ ( ,m+Ly) = σ ( ,m) , in the vertical direction, while we impose the open boundary condition in the horizontal direction. Here, H K represents the Kitaev honeycomb model 1 , where the real parameters, J x , J y , and J z , are the exchange coupling on x, y, and z bonds, respectively. As to the classification of the bonds into three types, see Fig. 1 and its caption. The Hamiltonian H 3−spin represents the three-spin interaction with real coupling J . Although this term looks fairly artificial, it was shown by Kitaev that the interaction Hamiltonian H 3−spin naturally appears when the Zeeman energy of the external magnetic field in the [111] direction is treated within the third-order perturbation in the Kitaev honeycomb model 1 . In the case with J x = J y = J z = J, the parameter J can be estimated as J ∼ h 3 J 2 where h is the strength of the magnetic field. Therefore, the Kitaev honeycomb model with the Zeeman term is believed to belong to the same topological class of the chiral spin liquid as that of the Kitaev honeycomb model with the three-spin interactions. This motivates us to study the chiral edge mode in the Kitaev honeycomb model with the three-spin interactions.
To obtain the exact ground state of the Hamiltonian of Eq. (1), we map the spin model to the fermion model, by using the Jordan-Wigner transformation. Following Refs. 9, 21-23, we introduce a complex fermion, a ( ,m) , and rewrite the spin operators such that
One finds that the pairs of d i d j in Eqs. (8) and (9) 
. Then, the Hamiltonian thus obtained can be written in the quadratic form of the c-Majorana fermions,
To rewrite the Hamiltonian of Eqs. (10) and (11) in the BdG form, we introduce a complex fermion 8 ,
and perform the Fourier transformation in the vertical direction,
Using α ,ky , we can write the Hamiltonian as
with
h 0 (k y ), ∆(k y ), and ∆ † (k y ) are defined as
The topological class of the BdG Hamiltonian of Eq. (14) can be determined by the symmetries. For J = 0, it belongs to BDI class, which has time-reversal, particlehole, and chiral symmetries 8 . As a result, the Majorana edge flat band appears in A y phase 1,7,8 , which is protected by the weak topological nature. If J is finite, the particle-hole symmetry is kept, but the time-reversal symmetry is broken. Consequently, the chiral symmetry given by the product of the time-reversal and particlehole symmetries is broken, too. Therefore, the corresponding topological class is D class, whose topological number is given by Z, or the Chern number 1 . For this class, the chiral edge mode appears if the Chern number is non-zero.
B. Kitaev triangle-honeycomb model
Next, we describe the Kitaev triangle-honeycomb model 9 , which is another example of the Kitaev-type model having the chiral edge modes. We consider a system with 6L x ×L y sites, and impose a periodic boundary condition, σ ( ,m+Ly) = σ ( ,m) , in the vertical direction. The Kitaev triangle-honeycomb model is given as
See (19), we obtain
(20) commute with the Hamiltonian and thus can be replaced with cnumbers. We set the link variables as
which gives us the ground state 9 . Then, the Hamiltonian for c-Majorana fermions is
To rewrite Eq. (21) in the BdG form, we define three species of complex fermions:
and their Fourier transformations,
for s = A, B, C. Then, the Hamiltonian of Eq. (21) is rewritten as
where 
The topological class of this Hamiltonian is also D class, and hence the model exhibits a chiral edge mode.
III. DISPERSION RELATION OF EDGE MODE
A. Kitaev honeycomb model
In this section, we derive the dispersion relation of the chiral edge mode at the left edge for the Kitaev model. To obtain the exact solution of the chiral edge mode, we employ a transfer matrix method. Although the method is already established as a standard tool [24] [25] [26] [27] , known exact solutions of chiral edge states 27, 28 are still rare so far. Even in the case of the well-known Haldane tight-binding model on the honeycomb lattice [29] [30] [31] [32] [33] , the exact solution of the chiral edge state has not yet been obtained. In this paper, we develop a new technique to derive exact solutions of edge states. By using our method, we can obtain the exact solution of the chiral edge state for the Haldane model. Since the problem to derive the solution for the Haldane model is equivalent to that for the Kitaev honeycomb model with the three-spin interactions, we demonstrate the usefulness of our method for the Kitaev model as a concrete example.
The left edge mode γ L (k y ) can be expanded in terms of Ψ (k y ) as
Note that γ
. This leads to the eigenvalue equation for ϕ (k y ), which is give bŷ
whereÂ(k y ) andB(k y ) are 2 × 2 matrices given aŝ
Equation (30) can be rewritten as
in terms of the 4 × 4 transfer matrix,
whereÎ 2 stands for the 2 × 2 identity matrix. From Eqs. (33) and (34), one finds that the energy eigenvalue ε L (k y ) has to be determined such that
have simultaneous eigenstates; see Appendix A for details. After some calculations, we obtain the dispersion relation as
Notice that, in order that the wavefunction ϕ is localized at the left edge, the eigenvalues ofT (k y ), λ(k y ), has to satisfy the condition |λ(k y )| < 1. In Fig. 3 , we plot the energy eigenvalues of the Hamiltonian of Eq. (14) (red solid lines), together with the edge-mode dispersion given in Eq. (35) (a blue dashed line), showing quite good agreement with each other. It can also be seen in Fig. 3 that the chiral edge mode has a linear dispersion near k y = 0. The velocity, which is defined as
is approximated in the vicinity of k y = 0 as
B. Kitaev triangle-honeycomb model
Next, let us treat the Kitaev triangle-honeycomb model. Following Ref. 9 , we restrict the parameters to J x = J y = J z = J, and J x = J y = J z = J . It has been pointed out that the ground state is topologically nontrivial (i.e. having a finite Chern number) for |J | < √ 3|J|, and is trivial (i.e., having zero Chern number) for |J | > √ 3|J|; |J | = √ 3|J| is a critical point at which the bulk band gap closed. Although the transfer matrix formalism shown in the previous subsection is also applicable to the present model, it is fairly difficult to obtain the exact solution, since the size of matrices is large. We therefore employ a different method to obtain the edge modes, which is similar to one used in the prior work 8 ; all the details of that method are described in Appendix B.
Here 
IV. PROPAGATION OF MAGNETIZATION AT THE EDGE
In this section, we calculate the time evolution of the edge magnetization. To do this, we combine the technique to calculate the edge magnetization in the previous work 8 with the result of the eigenvalues and eigenvectors of the left edge mode derived in the previous section.
As a initial state of dynamics, we consider the situation where the chiral edge mode are excited with a certain weight function ρ ky which is a function of the vertical momentum k y . Physically, this situation can be achieved by applying an external perturbation, e.g., shining laser pulse to the sample magnet whose energy is lower than the bulk energy gap of the magnet. We assume that such an external perturbation is weak enough not to excite the flux sector. ,m+1) , is equal to +i for all ( , m). Then, the Hamiltonian (24) can be also interpreted as the Hamiltonian of a spinless superconductor. Therefore, before proceeding to the calculation of the edge magnetization in the Kitaev-type models, we compute the propagation of a Majorana edge charge excitation in the superconductor. The calculation is much simpler than those in the Kitaev-type models.
To begin with, we recall
Substituting (38) into Eq. (28), we obtain
with ζ ,ky = u ,ky + v ,ky and ξ ,ky = u ,ky − v ,ky .
The time evolution of γ L (k y ) is given by
Using γ L (k y , t), let us consider the wave packet created by the aforementioned external perturbation,
with the weight function ρ ky which satisfies ρ * −ky = ρ ky . One can easily show η[ρ] 
We further define
withÃ n,ky = ρ ky A n,ky . Then, using the above relation (44), as well as ρ * −ky = ρ ky and ε L (−k y ) = −ε L (k y ), one has ψ * n,m (t) = ψ n,m (t), i.e., ψ n,m (t) is a real function. Clearly, one has
The wavefunction ψ n,m (t) is localized at n. In the limit L y → ∞, the wavefunction is written as
Therefore, if the Fourier componentÃ n,ky is a smooth function with respect to k y , then ψ n,m (t) is localized at m, too. Note that
Therefore, the expectation value of the position m is given by
where v L g (k y ) is given in Eq. (36) . This implies that the wave packet propagates with the group velocity
at the left edge of the sample. Since v L g (k y ) in Eq. (36) is always positive (or negative) irrespective of the wavenumber k y , so is the group velocity V g . This implies that an oriented propagation is realized for the chiral edge mode.
In order to obtain the oriented propagation of the Majorana edge charge excitation, we consider a trial state,
where N is the normalization factor. The expectation value of the Majorana fermion c (1,m) can be calculated as
where we have used η † [ρ](t) = η[ρ](t). Thus, the profile of the excess charge of the Majorana edge fermion is expressed in terms of the amplitude ψ 1,m (t) of the wavefunction at the edge site (1,m), and the charge moves in one of the two directions of the edge with the group velocity V g of (50).
Kitaev-type models
Now, to realize the propagation of the edge magnetization, we need to consider a slightly generic trial state. As we have shown in the previous work 8 , the operator e iπθ (1,m) plays a crucial role for the calculation of the edge magnetization, since the spin operators σ (1,m) inevitably contain it. Since the operator e iπθ (1,m) commutes with the Hamiltonian H, the state e iπθ (1,m) |0 is still a ground state for the fermion vacuum state |0 . But the operation changes the link variable, d (2 ,m) d (2 −1,m+1) , for some m. This causes the change of the signs of the hopping amplitudes of J z bonds for c-Majorana fermions. Of course, this change of the signs can be removed by using the gauge transformation c (2 −1,m) → ±c (2 −1,m) .
In this case, instead of the trial state of (51), we consider a trial excited state,
where the operator W is defined by
with a positive weight function w(m) which satisfies the normalization condition,
We take the wavefunction ψ n,m (t) of (47) and the weight function w(m) so that the overlap between them at the initial time t = 0 is large. Using the parity conservation for the fermions, one can check that |Ψ(t) is normalized as
Here, we also have used that the operators e iπθ (1,m)
change the link variables and that two states with different link variables are orthogonal with each other, and we have taken the wavefunction of (47) to be normalized to 1.
Let us compute the expectation value of the ycomponent spin at the site (1, m) which is given by Ψ(t)|σ c (1,m) . In the same way as the above calculation, by using this expression, the expression (46) of η[ρ](t) and {η [ρ] 
Thus, the profile of the magnetization is expressed in terms of the weight function w(m) and the amplitude ψ 1,m (t) of the wavefunction at the edge site (1, m). The amplitude slowly decays by the weight w(m) with distance. Actually, the magnetization is vanishing in the limit m → ∞. This implies that it is impossible to suppress the fluctuation of the link variables through the whole region in this approach. Although the local magnetization decays and finally vanishes, it exhibits an oriented propagation along the left edge with the group velocity V g .
B. Numerical demonstration

Kitaev honeycomb model with three-spin interaction
Following the formulation shown in the previous subsection, we calculate the time evolution of the edge magnetization numerically. We first consider the Kitaev honeycomb model with three-spin interaction. We choose the Gaussian distribution,
for the weight function ρ ky in (41), and
for the weight function w(m) in (54) [ Fig. 5(a) ]. We plot µ(m, t) for (J x , J y , J z , J ) = (1, 0.8, 0.9, 0.3) and L y = 32, with k 0 = 0.1π in Fig. 5(b) . We clearly see that the dip of the magnetization propagates from the top row (m = L y ) to the bottom row (m = 1) in both cases, indicating the oriented propagation of the magnetization due to the chiral edge mode. The velocity of the propagating magnetization is estimated from the figure as 1.08, which is compatible with the group velocity given in Eq. (37) , that is, v L g (0) ∼ 1.12. We also see that the magnetization decays as the center of the wave packet approaches to m = L y /2.
Kitaev triangle-honeycomb model
Next, we consider the Kitaev triangle-honeycomb model. Practically, we need to replace ζ 1,ky with ζ 1,ky,A when applying the formulation to the Kitaev trianglehoneycomb model. As for the initial state of dynamics, we consider the case where the left edge mode crossing the zero energy is excited. To choose such a weight function, we need to bear in mind that the edge mode in this model exists around k y = ±π in the momentum space, in contrast to the Kitaev honeycomb model with the three-spin interaction, where the edge mode exists around k y = 0. We therefore choose the weight function ρ ky as
which has a large amplitude at k y = ±π.
In Fig. 6 , we plot the results for J = 1, J = 1, L y = 32, and k 0 = 0.1π. We see that the magnetization in this system shows the staggered structure in the real space, originating from the fact that the weight function has a large amplitude at k y = ±π, in contrast to the Kitaev honeycomb model with the three-spin interaction. Nevertheless, we see that the magnetization propagates from the top to the bottom, owing to the existence of the chiral edge spinons. Again, we see that the magnetization decays as approaching to m = L y /2, while the amplitude is recovered near m ∼ 1 (t = 80) since w(m) takes large values in that region.
V. EDGE DYNAMICAL SUSCEPTIBILITY
In this section, we calculate the edge structure factor,
where |0 stands for the ground state, i.e., the state in which all the eigenstates with negative eigenvalues are occupied. We consider the situation that the frequency ω is contained in the region of the bulk spectral gap so that only the chiral edge mode is detected. Note that we only consider a pair of σ y s for the expectation value in Eq. (62), since the action of the other two components, σ x and σ z , causes the change of the flux sector 8 , which makes the calculation fairly complicated. As we will explain below, the chiral nature of the edge mode is reflected to this quantity.
Substituting Eq. (57) into the expression (62) of the susceptibility, we have
Using the facts that e iθ (1,m) commutes with H and that for any two states of c-Majorana fermions the matrix element of e iθ (1,m) e iθ (1,m ) is zero for m = m 8 , we find that only the terms with m = m have a finite contribution in the summation of (63). Then, we obtain
where we have set H|0 = 0 for simplicity, and have used the translational symmetry along the vertical direction to obtain the second line. To proceed, we employ a spectral representation:
where |λ denotes the eigenstate of H that satisfies H|λ = E λ |λ . To calculate the expectation value λ|c (1,1) |0 in Eq. (65), we expand c (1,1) in terms of γ L (k y ). To do this, let us first recall that
We expand α 1,ky as
Note that the anti-commutator 
The rest except for the first two terms in the summand in the right-hand side of (68) do not contribute to the edge susceptibility because the frequency ω is assumed to be smaller than the bulk band gap. Using Eq. (68) and noting
The matrix element 0|γ L (k y )|λ becomes finite when
where we have introducedk ω such that E L (k ω ) = ω. From Eq. (70), we find that χ edge (ω) is proportional to the inverse of the group velocity, meaning that the sign of the χ edge (ω) is determined by that of the group velocity. Hence, by measuring the ω-dependence of χ edge (ω), one can determine whether the edge mode is chiral or not. To be concrete, if the edge mode is chiral, the sign is always positive or negative, whereas if it is not chiral, the sign change occurs upon varying ω.
VI. SUMMARY AND DISCUSSION
In summary, we have treated the propagation of the edge magnetization due to the chiral edge modes and the edge dynamical susceptibility in the Kitaev honeycomb model with the three-spin interaction and the Kitaev triangle-honeycomb model. These quantities have been shown to refelect the chirality of the edge modes, whose emergence is a consequence of the topological nature of these models, i.e., the non-trivial Chern number and the bulk-edge correspondence. By relying on the exact solvability of these models, we have first mapped them to the free fermion models, and then applied the transfer matrix method. Further, by using the resulting edge wavefunctions and their dispersion relations, we have calculated (i) the time evolution of the edge magnetization and (ii) the edge dynamical susceptibility. For the former (i), we have demonstrated that the wave packet of the edge magnetization due to the chiral edge mode which is excited by an external perturbation indeed moves in only one of the two directions of the edge with the group velocity. For the latter (ii), we have shown that the edge dynamical susceptibility is proportional to the inverse of the group velocity with the positive weight. This property enables to determine whether an edge mode is chiral or not. In fact, if an edge mode is chiral, then the sign of the edge dynamical susceptibility does not change through the whole range of the frequency, otherwise it takes both of plus and minus signs.
Our method is also applicable to generic topological insulators and superconductors, whose concrete examples are the Haldane model 29 and the spinless superconductor 20 , which were already treated in the text. In particular, the oriented propagation of the excess charge can be expected to be experimentally detected in a chiral superconductor.
Before closing this paper, we address the experimental observation of the oriented propagation of the edge magnetization. As we have seen, the propagation can be expected to occur by exciting the chiral edge spinons by shining a laser pulse to the Kitaev magnets under the magnetic field in [111] direction. Then, we expect that the flow of the magnetization can be detected by using the sophisticated techniques developed in the field of spintronics, such as the inverse spin-Hall measurement [34] [35] [36] [37] . In particular, the propagation of the edge magnetization can be expected to be stable against disorder that is inevitable in experimental situations because the chiral edge modes are known to be robust against perturbations [38] [39] [40] .
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Appendix A: Transfer matrix method for the edge modes
In this Appendix, we present the details of the transfer matrix method by which we obtain the dispersion relation of the left edge mode in Sec. III.
To begin with, we recall that the BdG equation of Eq. (14) is expressed by using the transfer matrixT (k y ) as Eq. (33) . Let us consider the eigenvalue problem forT (k y ). In the following, we abbreviate generally a function of f (k y ) of k y to f by dropping the argument k y .
From (33) and (34), the eigenvalue equation forT =T (k y ) can be written as
with an eigenvalue λ. Although the size ofÂ andB is 2 × 2 in the present problem, the formalism of the transfer matrix is applicable to the case with any size of n × n (n = 1, 2, · · · ). Therefore, in what follows, we consider the case for generic n, whose eigenvalue equation can be obtained by replacingÎ 2 withÎ n in Eq. (A1). We will get back to the case of n = 2 after we show the generic formulation. From Eq. (A1), one has
andÂ
When λ = 0, this can be written as
For a nontrivial solution ϕ −1 , the two parameters, λ and ε L , must satisfy
Further, using the fact that if the matrix M satisfies detM = 0, then detM
where we have used thatB is Hermitian, and that ε L is real. This implies the following: If λ is a solution of the above equation for a given real ε L , then 1/λ * is a solution, too 41 . Thus the equation has a set of the solutions,
Here, we assume that the eigenvalues, λ j , satisfy 0 < |λ j | < 1 for = 1, 2, . . . , n. In the present approach, we need this assumption in order to obtain a decay solution with the open boundary condition at the edge. For the corresponding n-component eigenvector which satisfies (A3) with the eigenvalue λ j , we write χ (j) . Then, the 2n-component vector,
is an eigenvector of the transfer matrix.
In order to find the solution which satisfies the open boundary condition at the edge, we set
The coefficients c are determined by
because of the open boundary condition ϕ 0 = 0. This implies
Since all the eigenvales λ j and all the vectors χ (j) are determined by the energy ε L , this equation determines the energy spectrum ε L of the edge mode. But it is very difficult to determine the energy ε L by the above equation (A11) for general n. Now, let us consider the case of n = 2, which corresponds to our original problem for the Kitaev model. In this case, one clearly has
This implies that the two vectors are the same, i.e, χ (1) = Const.χ (2) . In addition to this, if λ 1 = λ 2 , then ϕ = 0 for all from (A9) and (A10). Therefore, in this case, the single vector χ (1) has two different eigenvalues, λ 1 and λ 2 , i.e., λ 1 = λ 2 . Then, the corresponding equations for (A3) becomê
Subtracting (A14) from (A13) and using ϕ 2 = ϕ 1 , one haŝ
This implies that ϕ 1 is the eigenvector of the matrixÂ −1 (B − ε L ). Then, clearly, ϕ 1 is the eigenvector ofÂ −1Â † as well.
Since the matrixÂ −1Â † is independent of the energy ε L , one can obtain an eigenvector u ofÂ −1Â † with the eigenvalueμ which satisfies the decay condition. Then, we can choose the energy eigenvalue ε L so that u becomes the eigenvector ofÂ −1 (B − ε L ). More precisely, ε L can be chosen so that the ratios of the first and the second components of the vectors in both sides of the eigenvalue equationÂ −1 (B − ε L )u =ηu with an eigenvalueη coincide with each other. Indeed, the dispersion relation of (35) is determined in this way. In consequence, we havê
with the eigenvalueη. Combining this,Â −1Â † u =μu and the equation (A3) with ϕ −1 = u, we have
The two eigenvalues of the transfer matrix are given by
Consequently, the wavefunction of the edge mode is given by
which satisfies the boundary conditions when
The condition (A20) is the criterion of the existence of the edge mode at given k y (see the area shaded in yellow in Fig. 3 ).
In this Appendix, we explain how to construct the solution for the edge modes of the Kitaev triangle-honeycomb model. To begin with, we expand the i-th edge mode as 
The rest of the two equations are
,ky,A = iJζ 
,ky,C = iJξ 
We write 
